
 
Coveringspaces evisited

let p E e B b be a coveringmap Howdo the fundamental
groups I E and IT B compare to eachother

First of all if T is a loop at eo and p TT is the

identity then there's a path homotopy fromH poh to
the constant loop so the lifting IT is a path homotopy
from ti to the constant loop so I is the identity
This proves

Thi p is an injective homomorphism

Thus each covering p of B gives us some subgroup H
of IT B that is isomorphic to IT E via pit

Thin If f E p Geo then f lifts to a loop in E

PI F a loop 5 at e s't pog p f But then the
lifts are path homotopic so F is a loopat e as well D

It turns out
l The subgroupH determines up toequivalence the covering p
2 As long as B is pathconnected and suitably nice
for each subgroup H of IT B there is some covering
p whose corresponding subgroup is H



We will talk about 1 in thissection For 2 you'llneedto
take another algebraic topology course or readthe restof the

chapter in Munkves

Equivalenceofcoveringspaces
Defi let p C B and p C B be coverings
p and p are equivalent if 7 a homeomorphism
h E E s t p p o h E E

h is an equivoverings b BIP

let p and p be coverings from R to S defined

p x cosx sinx p x cosCx sinf x

Then p and p are equivalent via the homeomorphism hG X

We want to show that if two coverings have the same

corresponding subgroup of IT B then they are equivalent First
we need a definition and a more general lifting lemma

De A spare X is locallypathconnected if V XEXand every
neighborhood U of X there is a pathconnected neighborhood of
V EU

From now on if p E B is a covering we'll assume C andB are

path connected and locally path connected



G ftq let p C B be a covering map
let pleo b Let Y be pathconnected and locally path
connected and f Y B continuous s t 5 yo bo
f can be lifted to F Y E w Fyo e iff

f IT Y yo Ep Tiff eo

If the liftingexists it's unique

PI If f can be lifted then f pof so

f IT Y yo p I ITCYyo E p IT Geo

For the converse let y c Y Choose a path x from yo fo y
Lift tox to a path foot in C starting at eo
Define F yl tobe the endpoint of this path i e foot l

This gives a function I X E

We first need to check F is well defined
let p be a different path fromyo to g
is a loop at yo Thus f a B lifts to a loop in E
So the lifts piece too

Yingy Y E
together in E p to IG

Matis of I B



So the lift of Fop is a path from f y to e the lift

of top is a path from e to fly

Now we show f iscontinuous Note that we just need toshow it's
continuous on a neighborhood of Yi

let VEB bean evenly covered neighborhood of fly
Then we can find UE f V a path connected neighborhood

of ya w

Let WE p v c E bethe
fSlice containing Fly y

bP t

In a I bohomeomorphism IT W V u B

For yell we can find a path 8 in U from y toy
and IT o fo8 is thus a lift of tot to Cstarting at F y

Thus we get a lift of a path from bo to f y
so I y IT f y the composition of two continuous
functions so Itu is continuous I is continuous

If g is another lift then for y cY consider a path
from yo to y Then there is a unique lifting

of tox starting at lo ending at Yi



Y
But god is a lifting of food starting at eo so

g y gox i Fly g F so the lift is unique D

Now we can show equivalent coverings correspondto the same subgpof
IT B bo as long as themaps all preserve basepoints

Exe Consider the 2 degree 2 coverings defined
C l E

h P cos0 sinG cos20 sin20

Jp Jg g cost sine costco sinfzo

w basepoint 1,0

B
Define h E E by

h cost Sino costa sin 01 forsimply x g x y

Clearly goh p and the image of p and q corresponds to
the subgroup 27 of R

The standard covering space p IR S corresponds to the trivial

subgroup since IR is simplyconnected

STARTHEREIL
Thmi let p C B and p E B be covering maps w

pleo pCeo bo There is an equivalence h E E s t hleo e
s H p Tilted and H e P IT ed are equal

If such an h exists it's unique
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PI If h E E is such an equivalence then h IT E e IT ei
So the conclusionfollows from the fact that p oh p

Now assume H H Then by the previous Iemma we getunique
C Cbasepoint 7 h 7h r
p p

preserving lifts b b so p oh p and poh p
E B E Bp I p

p ohoh poh p and pohoh p

Thus ifn'oh h oh is a lifting So is Idf But liftingJP
E B is unique So Koh ide and similarlyp

hoh idol so h is a homeomorphism

satisfying p p oh so it's an equivalence D

If we have an equivalance h E E that we don'trequire to

preserve basepointsthen we'll see that the corresponding
subgroups are conjugate First let's see how changing thebasepointof
a coveringspace changes the corresponding subgroup

Iii Iiiiin eine e
lo

let h be a loop at e Then a b x cIT E e J P
Poh Po

If Hoand H are the subgps corresponding to B
bo

lo and e



thensince pox is a loop in B we have a Hola E H

and similarly a H CN E Ho so the inclusions must be Equalities

Conversely if He C IT Bobo is some other subgp conjugateto
Ho i e B Holp Hi then 7 ez i

sit He p IT E ez

This gives us thefollowing move general statement

theorem let p C B and p C B be covering maps
let p eo p eg boo

p and p are H P TT Eto and H p IT E ej
equivalent are conjugate

PI H h E E is an equivalence w e h eo let G p II Efe

Then H G by previousthm and G is conjugate to It by above
discussion

If H and H are conjugate there's some e c E s t H p EseD
Thus by the previous thin 7 an equivalence h E E W1hLeo e D

Universalcoveringspares

Defi If pi E B is a covering and E is simply connected E is

called a universalcoverinegspace of B



Note If E and E are universal coveringspaces of B then
their correspondingsubgroups are both trivial so there is an

equivalence h C E In particular E and E are homeomorphic

Examplest
IR is the universal cover for S

2 We saw a couple weeks ago that
1122covers the torus5 5

t.FItH
3 A Klein bottle can be coveredby both thetorus and IR

We can see the 2 to 1 covering by the torus as shown

HTT FI
Eddthis
boffiekleis

4 The universal covering of the figureeight space is the infinitetree

If i soo


